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SUMMARY: Monte Carlo simulations were conducted to estimate the elution curve of size exclusion chro-
matography (SEC). The present simulation can be applied to various types of branched polymers, as long as
the kinetic mechanism of nonlinear polymer formation is given. We considered two types of detector systems,
(1) a detector that measures the polymer concentration in the elution volume to determine the calibrated
molecular weights, such as by using the differential refractive index detector (RI), and (2) a detector that
determines the weight-average molecular weight of polymers within the elution volume directly, such as a
light scattering photometer (LS). For polydisperse star polymers, both detector systems tend to give a reason-
able estimate of the true molecular weight distribution (MWD). On the other hand, for comb-branched poly-
mers, the RI detector underestimates the molecular weight of branched polymers significantly. The LS detec-
tor system improves the measured MWD, but still is not exact. The present simulation technique promises to
establish various types of complicated reaction mechanisms for nonlinear polymer formation by using the
SEC data quantitatively. In addition, the present technique could be used to reinvestigate a large amount of
SEC data obtained up to the present to estimate the true MWD.

Introduction
Size exclusion chromatography (SEC) provides a useful
method for determining the molecular weight distribution
(MWD) relative to standard calibration polymers quite
easily, and has been used widely in research and develop-
ment as well as quality control of product polymers. For
linear polymers, the method to determine the MWD
based on the elution curve of SEC has already been estab-
lished well. On the other hand, for branched polymers,
the measured SEC data are in many cases analyzed just
qualitatively.

In a SEC measurement, polymer molecules are consid-
ered to be fractionated by the hydrodynamic volume. The
size of branched polymer molecules is smaller than that
of linear polymer molecules having the same molecular
weight1). Therefore, the true MWD cannot be obtained
through the usual procedure in which a set of linear poly-
mer standards is used to establish the relationship
between the elution volume and molecular weight. On
the other hand, simultaneous measurements of light scat-
tering intensity and concentration enable the weight-aver-
age molecular weight of the elution volume to be deter-
mined directly without the calibration. However, for a
branched polymer mixture, polymer molecules whose
hydrodynamic volume is the same but having different
molecular weights coexist within the same elution
volume because of the difference in their branched struc-
ture. Therefore, strictly speaking, the absolute MWD can-
not be obtained even when one uses the on-line light scat-
tering photometer. If the elution curve of a given non-

linear polymer system can be simulated on the basis of
the formation mechanism, the use of SEC would expand
remarkably.

Jackson2) reported the simulation results of the direct
tracings in a SEC analysis for the polymer molecules
formed by random condensation of A2-type monomer
with a small amount of A3. Analytical solutions of the
MWD3, 4) and radii of gyration1) were used to estimate the
SEC tracings. However, these analytical solutions have
been derived only for limited cases, and therefore, a more
general approach is required to investigate real polymer
systems.

Recently, a new Monte Carlo simulation approach
based on the random sampling technique was proposed5).
This method can be applied to various complex polymer-
ization reactions that involve branching, crosslinking, and
degradation during polymerization irrespective of the
reactor types used, as long as the size and structure
dependent reaction kinetics are of minor importance. In
this method, one can observe the structure of each poly-
mer molecule directly on the computer screen, and there-
fore, very detailed information can be obtained. This
method was used to obtain the mean square radius of
gyration for each polymer molecule that exists in the
reaction mixture6–9). The estimated mean square radius of
gyration could be used to determine the elution volume in
a SEC analysis.

In this article, we apply the random sampling technique
to estimate the SEC elution curves for two types of
branched polymers, star and comb polymers.
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Method

Estimationof themeansquare radiusof gyration

Fig. 1 shows an example of the combbranchedpolymer
structure,which was obtainedin the random sampling
technique for thesimulationof free-radical copolymeriza-
tion with macromonomer10). The horizontal line (bold)
showsthebackbonechain, andthevertical linesshowthe
branch chains. By assumingthe H condition, the 3D
structureof this polymer can be estimated by drawing
eachprimary chain as the trajectory of the randomwalk
in the3D space.Fig. 2 showsanexample of the3D struc-
turewhose2D structureis shownin Fig. 1. By generating
the 3D structureasshown in Fig. 2, it is straightforward
to calculatetheradiusof gyration s for thegivenpolymer
conformation, and the spherehaving the radiuss is also
shownin Fig. 2. The mean squareradiusof gyration of a
particularbranchedpolymer moleculeps2

Pbr can be esti-
matedby taking the averageof the radii of gyration for
many types of conformation, i. e., by producing the 3D
structure,asshown in Fig. 2, many times.We estimated
the ps2

Pbr-valuefor eachpolymermoleculeby generating
the3D structure100timesin thepresentinvestigation.

To examine if the100 timesof simulation for ps2
P pro-

videsan estimatewith sufficient accuracy, we conducted
Monte Carlo simulations for a linear polymer mixture.
For a linear polymer system, theradius of gyration in aH
solventis givenby:

ps2
Pl � NL2

=6 �1�

whereN is thenumber of segments,andL is thelength of
a segment. Assuming that one segmentconsistsof u
monomeric units, the chain length that can be obtained
from theestimatedps2

Pl -valueis givenby:

P�

� 6ups2
Pl=L2

�2�

We usedthe following mostprobable distribution asa
testdistribution:

W�P� �
P

�Pn�
2 exp ÿ

P

Pn

� �
�3�

whereP is the degreeof polymerization (DP), andPn is
the number-averageDP. The Pn-value is assumedto be
100in thepresentsimulation.

As for the choiceof the u-value,any u-valuecould be
usedaslong asit makesthe numberof segmentsN large
enough. For real chains, this arbitrariness can be
removed11), for example, by usingthe characteristic ratio
(C

v
) andthefully extendedlength(rmax) of therealchain,

asfollows:

NL2 = C
v

nl2 (4)

NL = rmax (5)

where n and l are the number of bondsand the bond
length of the chain molecule, respectively. For polyethy-
lene chains11), n/NX 10 real bonds per equivalent seg-
ment, i. e., u X 5. We use u = 5 throughout the present
article.

We generated46104 randomnumbersthat follow Eq.
(3). A quick methodto generaterandomnumbers thatfol-
low the most probabledistribution can be found else-

Fig. 1. Example of a comb-branched polymer molecule,
formed in a free-radical copolymerization with macromono-
mer10). The axesshow the lengthin the numberof monomeric
units

Fig. 2. Example of the 3D structure of the comb-branched
polymer shown in Fig. 1 in a H solvent. The axes show the
length in the numberof segments.In this simulation,one seg-
ment consistsof 5 monomericunits.The sphereshownby dots
hasthe centerat the centerof massandhasthe radiusequalto
the radiusof gyration of this combpolymer
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where12). For eachchain, we conductedthe randomwalk
in 3D spaceandcalculateds2-values100 times to deter-
mine the ps2

Pl -value.Then, Eq. (2) is usedto obtain the
“calibrated” DP. Becausea small amount of error in the
estimated ps2

Pl -valueis inevitable, the “calibrated” DP is
not exactlyequal to thetrueDP.

Fig. 3 shows the simulatedweight-basedDP distribu-
tion. The independentvariableis the logarithmof DP as
usually employed in a SEC analysis. The solid curve
showsthe theoreticaldistribution given by Eq.(3). The
absoluteDP distribution obtained by generating 46104

randomnumbers that follow Eq. (3) is given by the x-
symbol.Theweight-averageDPof thesimulatedpolymer
sampleswas Pw = 200.7, while the theoreticalvalue is
Pw;theory = 200.Thetotal of 46104 polymermoleculescan
give anexcellentestimatefor theDPdistribution.

The circular symbols in Fig. 3 show the “calibrated”
DP distribution. Theweight-average DP of thecalibrated
distribution was Pw = 205.4. A 2.7% of error was
observed. However, asshownin Fig. 3, the whole distri-
bution profile agreesreasonably well with the theoretical
distribution, and a 2.7% of error would be acceptable
whenoneconsidersthe experimentalerrorsin SECmea-
surements. In addition, because the variance of s2-distri-
bution is smaller for branched polymers, the error is
expected to be smaller for branched polymers,asshown
later. Note thatwhenwe simulate a polymer mixture that
involvesboth linear andbranchedpolymers,we wil l use
the absolute DP for the linear polymers insteadof the
calibrated DP, becausefrom the theoretical point of view
the absoluteandcalibratedDPsmustbe the samefor the
linearpolymers.Therefore,we calculate themean square
radiusof gyrationby simulating100typesof spatial con-
formation only for eachbranchedpolymermolecule.

CalibratedDP of branchedpolymer

We assumethat the universal calibration is valid and
polymermolecules arefractionatedby the hydrodynamic

volumeof thesolvatedmolecule.SupposethattheSECis
calibrated by using a set of linear polymer standards
whosemonomeric unitsarethesameasthosein branched
polymers.Thecalibrated DP, P� is given by:

P�

�

�g�br

�g�
�

P �6�

where [g]br and [g]� are the intrinsic viscosity of the
branchedpolymer andthat for a linear polymermolecule
whoseelution volumeis the same,respectively, andP is
thetrueDPof thebranchedpolymer molecule.

The factor g, which shows the reduction in size of
branchedpolymersis definedby1):

g � ps2
Pbr=ps

2
Pl �7�

whereps2
Pbr andps2

Pl arethe mean squareradiusof gyra-
tion of branched andlinearpolymermoleculeshaving the
sameDP, respectively.

For aH solvent,ps2
Pl is given by Eq. (1). Although the

eluent usedin aSECexperiment is usually a thermodyna-
mically good solvent, the g-factor is known to be rela-
tively insensitive to the goodnessof the solventused13),
and therefore,the presentrandomwalk approachwould
providea reasonableapproximationfor theg-factor.

Theg-factoris usually equated to theratio of theintrin-
sic viscosityby usingtheexponentb asfollows:

gb
� �g�br=�g�l �8�

The b-valueis usuallybetween0.5 and1.5, depending
on thetypeof branchedpolymer14,15).

By usingtheMark-Houwink-Sakuradaequation for the
intrinsic viscosity, [g] l and[g]� aregivenby:

�g�l � KPa
�9�

�g�
�

� K�P�

�
a

�10�

Theexponent, a is usuallybetween0.5and0.8.
By substituting Eqs.(1), and(7)–(10) into Eq. (6), one

obtains:

P�

� gaP �

6ups2
Pbr

L2

� �
a

P1ÿa

�11�

wherea = b/(a + 1).
By estimating ps2

Pbr through the Monte Carlo simula-
tion, onecanobtain the calibratedDP P�, which leads to
obtain the calibratedDP distribution. This type of distri-
bution would be obtainedby using a detector that mea-
sures the polymer concentration in the elution volume,
suchasthe differential refractiveindex detector (RI). On
the otherhand,by calculating the “true” weight-average
molecularweightof eachfraction,onecanobtain thedis-
tribution whenoneusesa detectorsystemthat measures

Fig. 3. Simulated weight fraction distribution of the linear
polymersfollowing the mostprobable distribution.The total of
46104 polymermoleculesweresimulated
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the weight-average molecular weight of polymer mole-
culeswithin theelution volume, suchasthe light scatter-
ing photometer (LS). We consider these two types of
detectorsystems.

Resultsand discussion

Preliminaryinvestigationfor regularstarpolymers

Beforeconsidering polydispersesystems thatareof prac-
tical interestin SECmeasurements,we considera regular
starpolymersystemto highlight a general trend,in parti-
cular, the effectsof parametersa andb on the calibrated
DP.

For starpolymershaving f armswith thesameDP, g is
givenby16):

g �

3
f

ÿ

2
f 2

�12�

By substituting Eq. (12) into Eq. (11), one obtains the
calibrated DPof astarpolymer.

For star polymers, the b-value is usually claimed15) to
be 0.5. Fig. 4 shows the effect of the a-value, which
showsthe goodnessof the eluent used,on the calibrated
DP. The introduction of arms makes the calibratedDP
smaller, however, the goodnessof the solvent usedhas
only a minor effect on thecalibratedDP.

In the caseof starpolymers,the b-valuewould be 0.5,
however, in order to investigatea general effect of b, we
calculated the calibrated DP by changing the b-value
from 0.5 to 1.5. Fig. 5 shows the effect of b. The differ-
encefrom the “true” DP becomeslarger as the b-value
increases. Therefore, it is expectedthat the difference
between the true and calibrated DP is larger for the
branchedpolymers whose b-value is large, such as the
casefor comb-branchedpolymers (bL 1.5) rather than
thestarpolymers(b = 0.5).

To examine the precision of the Monte Carlo simula-
tion for estimating theg-factor, we simulated theg-factor
for regularstar polymer systems.Fig. 6 showsthe com-
parison with the theoretical value (solid curve). The x-
symbolsshowtheestimateobtainedby simulating the3D
polymer structure100 times, while the circular symbol
shows that for 1000 times. Obviously, the resultsfrom
1000timesof simulationgive a better fit thanthosewith
100 times of simulation. However, except for the linear
polymer (f = 2) whosevarianceis larger thanthat of the
branchedpolymers,theerrorsin the100timesof simula-
tion are not too large. We use the 100-time method to
reducetheamountof calculation required.

Starpolymers

Therandomsampling techniqueto determine thesizeand
structureof starpolymers basedon the reactionmechan-
ism canbefoundin ref.12) By simulatingthemeansquare
radius of gyration for eachsampled polymer molecule,
theelutioncurve of SECcanbesimulated.

Fig. 4. Effect of the solvent usedin a SEC measurementfor
regularstarpolymershavingf arms

Fig. 5. Effect of theexponentb in a SECmeasurementfor reg-
ular starpolymershavingf arms

Fig. 6. Simulatedresultsof theg-factor in comparisonwith the
analytical solutionfor regularstarpolymershavingf arms
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Our first exampleis the star polymer having 4 arms.
The arm chainsareassumed to follow the mostprobable
distribution representedby Eq. (3) with thenumber-aver-
age DP of arms, Pn;arm = 100. The DP distribution
obtainedfrom the randomsampling technique,by gener-
ating26104 polymermolecules,is shown by thecircular
symbolsin Fig. 7, which agreeswell with the theoretical
distribution12,17,18). The weight-averageDP of the theore-
tical distribution is Pw;theory = 500, while the simulated
absolutevaluewasP

abs

w;sim = 501.1.
By assuming u = 5, the ps2

Pbr-value of eachpolymer
molecule wasdeterminedto follow thedottedcurveindi-
cated by the legend RI in Fig. 7. The exponent of the
Mark-Houwink-Sakuradaequation is a = 0.6 for the pre-
sentcalculation.Theobtainedweight-averageDP is P

RI

w;sim

= 468.8, which is 6.2%smaller thanthetruevalue.
Next, we calculated the weight-averageDP of each

fraction, andplottedthe weight fractionsasa function of
suchaveragesafter normalization (to make the total area
unity). This type of plot is shown by the dashedcurvein
Fig. 7 (legendLS), which agrees sowell with the theore-
tical distribution that it is difficult to distinguishfrom the
solid curve. Note that, in principle, the weight-average
DP, P

LS

w;sim = P
abs

w;sim, evenwhen the MWD profiles do not
agree.

Next example is the reaction betweenthe tetrafunc-
tional units (A4) and monofunctional polymeric chains
(B-Polymer) with the exact stoichiometry ([A] 0 = [B]0).
We assumed that the monofunctional linear polymer
moleculesconformto themostprobabledistribution with
the number-average DP 100. In practice, not all func-
tional groups would react, andwe assumedthat theprob-
ability that a functional group is reacted is equal to
p = 0.5. This type of starpolymerscould be synthesized
by employing anideal tetrafunctionalchaintransfer agent
in free-radical polymerization12,18). In this case, linear
polymermolecules(polymers with 1 and2 arms)coexist
with branched polymers (polymerswith 3 and 4 arms).

The full weight fraction distribution as well as the frac-
tional distribution possessing1, 2, 3, and 4 armscan be
foundin figure 5 of ref.12)

Fig. 8 shows the simulated results.The total of 26104

polymer molecules were simulated. The weight-average
DPs are as follows: Pw;theory = 350, P

abs

w;sim = 351.2, and
P

RI

w;sim = 342.7. As shown in Fig. 6 and 7, both detector
systems maygive a reasonable estimateof the truemole-
cular weight distribution for polydispersestar polymer
systems.

Combpolymers

The randomsampling technique when applied to comb-
branchedpolymer systems can be found in ref.10) For
comb-branched polymers, the b-value15,19) may be close
to 1.5 or slightly smaller than1.5.To investigatehow the
magnitudeof b-valuechangesthe elution curve,we used
both b = 1.0 and1.5.

Our first exampleis thecase wherebothbackboneand
branchchains conform to the most probabledistribution
whose number-average DPs are 200 and 100, respec-
tively. The branching density of the backbone chain is
q = 0.02.

The solid curve in Fig. 9 shows the analytical solu-
tion10,20,21) for the presentcomb-branchedpolymer sys-
tem. The circular symbols in Fig. 9 show the absolute
weight fraction distribution obtained from the random
sampling technique. The total of 26104 polymer mole-
cules were simulated. The weight-average DPs are
Pw;theory = 1332, andP

abs

w;sim = 1334.The dotted anddashed
curvesin Fig. 9 showthesimulatedweight fractiondistri-
bution for anRI systemwith a = 0.6.Theelutioncurve in
a SEC measurement may lie somewhere betweenthese
two curves.The weight-average DP of thesetwo curves
areP

RI

w;simjb�1:0 = 886.7andP
RI

w;simjb�1:5 = 729.3.TheRI sys-

Fig. 7. Simulatedweight fraction distribution of the starpoly-
mermoleculeshaving4 arms Fig. 8. Simulatedweight fraction distributionof the starpoly-

mer moleculesthat areformedby connecting the chainendsof
li nearpolymersby tetrafunctional unitswith probabilityp = 0.5
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tem clearly underestimates the DP of comb-branched
polymers.

On the other hand,when the LS systemis used,the
obtainedMWD is improvedsignificantlybothfor b = 1.0
and1.5, but it doesnot agreeperfectly with the theoreti-
cal distribution profile asshown in Fig. 10. The obtained
MWD is slightly narrowerthanthetrueMWD.

Finally, to showthe broadapplicability of the present
simulation method, we conducted a simulation for free-
radical copolymerization with macromonomer. The
detailedsimulation algorithm canbe found in ref.10) The
reactioncondition is asfollows. The reactivity ratiosare
r1 = r2 = 0.5, andthe initial mole fraction of macromono-
mer is 0.01. The DP distribution of the macromonomer
molecules is assumedto be given by the Schulz-Zimm
distribution whose weight fraction distribution is repre-
sentedby:

Wmacro�P� �
r
r

PnC�r�

P

Pn

� �
r

exp

rP

Pn

� �
�13�

wherer is a parameterindicating the narrownessof the
distribution breadth,i. e., r � Pn=�Pw ÿ Pn�. We usedPn

= 100andr = 10. Thecondition with r = 10 corresponds
to thepolydispersity indexPw=Pn = 1.1.Themacromono-
mermoleculessynthesized throughliving polymerization
oftenfollow theSchulz-Zimm distribution.

We assumedthat thedominantchainstoppage mechan-
ism is chain transferreactionsto the chain transferagent
(CTA). The initial ratio of the concentrationsof CTA to
monomeris [CTA]0/[M]0 = 4610–3, andthechain transfer
constantis CjCTA = 2.5. In this casethe averageDP of the
backbone chain increasesduring polymerization. We
simulatedthe reactionsystemat the total monomercon-
version,x = 0.6.

In the reaction system, becausethe unreacted macro-
monomermoleculesalsoexist, we took accountof these
linear polymer molecules in the MWD. The simulation
was conducted for 26104 polymer molecules (the
unreacted macromonomers arenot includedin this num-
ber). For the present case,the analyticalsolution for the
MWD hasnot beenderived. On theotherhand,a general
solution for the weight-average molecular weight was
obtainedrecently21), andPw;theory = 827.8.

Fig. 11 shows the simulatedweight fraction distribu-
tion. Thesolidcurveshows thetrueweightfraction distri-
bution estimatedby the randomsampling technique,and
P

abs

w;sim = 839.2.The peakat smallerDP correspondsto the
unreacted macromonomer molecules. The dotted and
dashed curvesin Fig. 11 showthe simulatedweight frac-
tion distribution for an RI detectorsystemwith a = 0.6.
Clearly, the molecular weights of comb-branchedpoly-
mers are underestimated. The weight-averageDPs of
these two curves are P

RI

w;simjb�1:0 = 587.3 and
P

RI

w;simjb�1:5 = 495.2.
Fig. 12 shows the simulated weight fraction distribu-

tion for anLS detector system.Themeasureddistribution
profile is improved significantly, but still is not exact.
The measured distribution tends to be narrower than the
truedistribution.Forcomb-branchedpolymers, thedevia-
tion from thetrueMWD tendsto belargercomparedwith
thatfor starpolymers.

Fig. 9. Simulatedweight fractiondistributionof anRI detector
systemfor thecombpolymermolecules

Fig. 10. Simulatedweight fractiondistributionof anLS detec-
tor systemfor thecombpolymer molecules

Fig. 11. Simulatedweight fraction distributionof an RI detec-
tor systemfor the comb polymer moleculesformed through
free-radicalcopolymerizationwith macromonomer
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Conclusions
By application of the random sampling technique, the
size and structureof polymer molecules sampledran-
domly from the reactionmixture canbe determined. We
obtained the mean squareradius of gyration for each
polymermolecule by calculating 100 typesof conforma-
tion, andestimatedtheelution curveof SEC. This techni-
quecanbeapplied to varioustypesof nonlinearpolymers
whose formation mechanism is known. In the present
article,weapplied themethodto starandcombpolymers.
It was found that for polydispersestarpolymer systems,
both RI and LS detectorsystems may give a reasonable
estimate of thetruemolecularweightdistribution. On the
otherhand,for comb-branched polymers,the RI detector
systemclearly underestimates the molecular weight of
branched polymers significantly. The LS system
improvesthemeasuredmolecular weightdistribution,but
still is not exact.

The presentsimulation methodenablesone to predict
theSEC-traceon thebasisof knownor assumedpolymer-

ization kinetics,andcouldbeusedto investigatethecom-
plicatedkineticsof nonlinearpolymerformation. In addi-
tion, a large amount of SEC data accumulated so far,
especially thoseobtained from the RI detector systems,
could bereinvestigated morequantitatively.
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